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Abstract
Ascending thoracic aortic aneurysms (ATAAs) are focal, asymmetric dilatations of the aortic wall which
are prone to rupture. To identify potential rupture locations in advance, it is necessary to consider the
inhomogeneity of the ATAA at the millimeter scale. Towards this end, we have developed a combined
experimental and computational approach using bulge inflation tests, digital image correlation (DIC), and
an inverse membrane approach to characterize the pointwise stress, strain, and hyperelastic properties of
the ATAA. Using this approach, the pointwise hyperelastic material properties were identified on 10 human
ATAA samples collected from patients undergoing elective surgery to replace their ATAAs with a graft.
Our method was able to capture the varying levels of heterogeneity in the ATAA from regional to local. It
was shown for the first time that the material properties in the ATAA are unmistakably heterogeneous at
length scales between 1mm and 1cm, which are length scales where vascular tissue is typically treated as
homogeneous. The distributions of the material properties for each patient were also examined to study the
inter- and intra-patient variability. Large inter-subject variability was observed in the elastic properties.
Keywords: thoracic aneurysm, heterogeneous material properties, inverse elastostatic analysis,
intra-patient variation, inter-patient variation, distribution of material properties
1. Introduction
Ascending thoracic aortic aneurysms (ATAAs) are focal, asymmetric dilatations of the aortic wall. A
serious life-threatening pathology, the incidence of ATAAs is estimated at 10.4 per 100,000 people, suggesting
that approximately 45,000 cases are diagnosed each year in Europe and the United States [8]. If an ATAA
spontaneously ruptures, the result is almost invariably death [18]. Only two options exist for treating5
ATAAs: preemptive surgery or surveillance. Hence, the current objective in aneurysm care is to prevent
rupture. Surgical repair is only indicated when the diameter of the aneurysm exceeds 5.5 cm. However,
aneurysms with diameters greater than the surgical threshold may remain stable [1, 3, 18] and conversely,
small aneurysms (< 4.5 cm) do rupture [1, 4, 18]. Rupture is a localized phenomenon and to identify
potential rupture locations in advance, one must consider the local mechanical conditions of the tissue.10
ATAAs are evolving structures; both the geometry and the tissue properties change as the aneurysm
grows. Existing studies showed a significant increase in matrix metalloproteinase activity [20] and apoptosis
of smooth muscle cells in thoracic aneurysms [31]. Well-developed aneurysms typically have an attenuated
media, fragmented elastin fibers, and abnormal collagen networks [17, 31]. Since the the local remodeling
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Table 1: Patient demographics for the study population
Patient Gender Age Diameter (mm)
1 F 80 52
2 M 79 52
3 M 76 58
4 M 72 51
5 F 76 65
6 M 55 55
history dictates the tissue properties, the spatial distribution of mechanical properties is expected to be15
heterogeneous. Thus, our understanding of aneurysm mechanics and mechanobiology is incomplete without
detailed knowledge of the heterogeneous properties.
Presently, ATAA properties were characterized at a length scale of approximately 2 centimeters, a scale we
call regional. A few authors have attempted to characterize the regional variation in mechanical properties
of the ATAA [2, 16, 19]. Uniaxial tensile tests on ATAA specimens have indicated that the mechanical20
properties vary regionally [2]. The observation of a regional variation in the mechanical properties confirms
the hypothesis that the degradation of the properties in the ATAA is localized rather than uniform [34].
To address the issue of the inhomogeneity of the ATAA, particularly when attempting to identify potential
rupture conditions, it is necessary to consider the variation in mechanical properties at the millimeter scale
[25, 26, 37].25
The authors have previously presented a technique combining inverse membrane analysis, digital image
correlation (DIC), and bulge inflation tests capable of identifying the heterogeneous elastic properties of
planar soft tissues [5]. This technique enables the identification of heterogeneous properties to a sub-
millimeter scale. The local wall tension is calculated from the membrane equilibrium equations and the
local strain is calculated using DIC. The local elastic properties of any membrane structure can be identified30
by fitting a constitutive model to the local stress-strain response. In this manuscript, the same method was
implemented to identify the local material properties of human ATAAs. Using DIC , full-field deformation
data as a function of pressure up to rupture was obtained. The pressure and deformation data were used
as inputs to the inverse membrane analysis which calculated the wall tension in the ATAA. The acquired
full-field wall tension and strain data were fitted to the Gasser-Ogden-Holzapfel (GOH) constitutive model35
[9] to identify the local material properties. The local values of the GOH model parameters were then
examined to quantify the degree of intra- and inter-patient variability. Maps of the local strain energy were
also created, consolidating the GOH model parameters down to a single parameter, to quantify the degree
of heterogeneity in the local material properties.
2. Methods40
2.1. Pointwise parameter identification
Six ATAA sections were collected from patients undergoing elective surgery to replace their ATAAs with
graft in accordance with a protocol approved by the Institutional Review Board of the University Hospital
Center of St. Etienne. Information on each of the patients’ age, gender, and aneurysm diameter (as measured
during a pre-surgical CT scan) are shown in Table 1. A total of 10 samples were tested according to our45
previously developed protocol for identifying the pointwise distribution of the mechanical properties of soft
tissues using bulge inflation tests [5]. The method described in our previous paper [5] is briefly outlined for
completeness.
Square samples approximately 4 cm x 4 cm were clamped to an inflation device. The samples were
inflated using a syringe pump system where water was infused at a constant rate. During the test, images50
of the deforming sample surface were collected every 3 kPa until the sample ruptured. After rupture,
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the collected images were analyzed using the commercial correlation software ARAMIS (GOM, v. 6.2.0)
to determine the three dimensional displacement of the tissue surface. A deforming NURBS mesh was
created from the DIC point clouds. The surface right Cauchy-Green tensor, C, and surface Green-Lagrange
strains, E, were computed from the identified displacements using the local coordinate system of the NURBS55
mesh. The Cauchy membrane tension, t, at every Gauss point in the NURBS mesh was identified using
an inverse membrane approach [5, 22] which formulates the equilibrium problem directly on the deformed
configuration. Additional details on the calculation of the surface strains and wall tension with respect to
the NURBS coordinates can be found in [5].
After identifying the wall tension and strain at each Gauss point in the mesh, the data were fitted to a











where I1 = tr (C), I2 = det (C), and Iκ = C : (κI+ (1− 2κ)M⊗M). In Eq. 1, the first term accounts for60
the isotropic behavior of the matrix which includes the ground substance and elastin fibers while the second
term represents the contribution of the collagen fiber network. The response of the matrix is modeled using
a two-dimensional neo-Hookean model. Note that a term containing I2 is necessary to ensure that the two-
dimensional stress behavior mimics the response of a three-dimensional incompressible neo-Hookean solid.
The parameters µ1 and µ2 describe the stiffness of the matrix and the stiffness collagen fibers, respectively.65
Both parameters have units of force per unit length. The model parameter, γ, describes the strain stiffening
behavior of the collagen fibers. Higher values of γ indicate that the mechanical response of the collagen
fibers stiffens at lower stretches. Two additional parameters are necessary to describe the collagen fiber
orientation, a unit vector, M = sin θE1 + cos θE2, in the preferred fiber direction and the dispersion of
collagen fiber orientation, κ. When all of the collagen fibers are aligned in the preferred fiber direction, κ = 0,70
and when the fibers are randomly oriented, κ = 0.5. The model parameters were constrained such that:
µ1, µ2, γ ≥ 0, 0 ≤ θ ≤ pi, and 0 ≤ κ ≤ 0.5. At each Gauss point in the mesh, the local model parameters
were identified by minimizing the difference between the wall tension derived from the surface strain energy
function (Eq. 1) and the wall tension computed from the inverse analysis. To verify that the set of identified
material parameters was unique, the initial values used in the minimization routine were varied. Since the75
same set of material parameters were obtained independent of the initial guess, the identified parameters
were assumed to be unique. Note that the GOH model, given in Eq. 1, was only selected after attempting
to fit the data with simpler constitutive models such as the neo-Hookean or Demiray’s model [6].
2.2. Statistical analysis
For each bulge inflation test the values of the material parameters, µ1, µ2, γ, κ, θ, were identified80
at approximately 2000 locations. To compare the intra- and inter-specimen variability in the material
parameters, histograms of µ1, µ2, γ, κ, θ were generated for every sample. In addition to the histograms,
the mean, median, standard deviation, skewness, and kurtosis for each parameter and every test were
computed. The mean and median describe the central tendency of the distribution. Skewness is a measure
of whether the distribution is symmetric about its mean. The standard deviation and the kurtosis both85
quantify the dispersion in the data.
3. Results
3.1. Validity of the reconstruction
Using a technique described previously [5], the average distance deviation between the measured DIC
point clouds and the constructed NURBS meshes were computed. The precision of the geometric recon-90
struction is critical since, for a membrane, the wall tension depends only on the load and the deformed
geometry. As expected, the NURBS meshes for each sample were able to faithfully capture the geometry.
The maximum distance deviation across all of the samples was 80 µm.
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(a) Wall tension, 15 kPa (b) Wall tension, 30 kPa (c) Wall tension, 39 kPa
(d) Strain, 15 kPa (e) Strain, 30 kPa (f) Strain, 39 kPa
Figure 1: Magnitude of the (a-c) wall tension and (d-f) strain for Patient 3a at pressures of (a,d) 15, (b, e) 30, and (c, f) 39
kPa. The black dot in (f) denotes the rupture location.
To ensure that the membrane assumption could be used to reconstruct the local stresses a computational
study was completed to identify the limiting ratio of the out-of-plane displacement to specimen diameter95
(Fig. 10). At values below the limiting ratio of 0.2, the error on the stress reconstructed with the membrane
assumption is greater then 15%. The details of how the limiting ratio was calculated can be found in the
Appendix. Using the collected DIC point clouds, the ratio of the diameter to the out-of-plane displacement
can be calculated for every specimen. For all the tested samples, the value was greater than the 0.2 limit at
an inflation pressure of 15 kPa.100
3.2. Local stress-strain behavior
In Fig. 1, the magnitude of the wall tension and strain at pressures of 15, 30, and 39 kPa for Patient 3a
are shown. Note that, in terms of the stress it induces, the pressure applied in the test is not equivalent to
a blood pressure due to the new shape of the specimen. The highest value of the wall tension in Fig. 1a, c,
and e occurs in the upper right hand corner of the sample. But, this high value in the wall tension is due to105
the boundary conditions applied in the inverse membrane simulation. Ignoring these values, the peak wall
tension occurs at the apex of the sample. For all of the samples tested the peak wall tension was located at
the sample’s apex when the spurious boundary values were ignored.
The strain localized in three locations very early in the test (Fig. 1b). The pattern of strain concentrations
remained the same throughout the test with the magnitude of the strain simply increasing with increasing110
pressure. As indicated in Fig. 1f with a black circle, rupture occurred at one of these strain concentrations.
While the pattern of strain concentrations changed from sample to sample, the strain localizations always
happened very early in the test and remained largely unchanged until rupture. Moreover, rupture initiated
in one the observed strain concentrations in every test.
Using the local values of strain and wall tension at each pressure increment, curves of the local material115
response were created. To facilitate plotting the local wall tension vs stretch curves, the eigenvalues, λ2α ,










































































































































Figure 2: Local wall tension versus stretch curves at four different locations for Patient 2. Note that the curves have been
rotated into their principal strain state to facilitate plotting.
λα, were found by taking the square root of the eigenvalues of C. The second Piola-Kirchoff wall tension,
s, was rotated into the axes of principal stretch using u(α), the eigenvectors of C. In Fig. 2, four individual
curves of the rotated Cauchy wall tension vs the principal stretches (λ1 and λ2) are plotted. All of the curves120
display the non-linear behavior that is common in vascular tissues although the degree of nonlinearity varied.
Each location also experienced a slightly different loading path. The loading path pictured in Fig. 2d is
almost equi-biaxial in contrast there is a pronounced asymmetry in ratio of λ1 : λ2 in Fig. 2a.
The maximum and mean values of the magnitude of the Cauchy wall tension and the magnitude of the
Green-Lagrange strain at the pressure just preceding rupture are listed in Table 2. Although the maximum125
wall tension varied significantly from patient to patient, the maximum strain at failure appeared to be
clustered around 0.3 for Patients 1-5. The significantly higher strain to failure for Patient 6 may be due to
the large age difference between Patient 6 (age = 55 yrs) and the remainder of the cohort (mean age = 76.6
yrs).
3.3. Pointwise material properties130
For the bulge inflation tests performed in this study, clamps with smooth rounded edges were used. This
clamping technique produced a fixed boundary condition at the edge of the clamps, inducing bending and
transverse shear stress. However, these stresses are expected to decay so rapidly that they need not be
5
Table 2: Magnitude of the wall tension and strain at the highest pressure prior to rupture
Patient Pressure Wall Tension (N/mm) Strain
(kPa) Max Mean ± S.D. Max Mean ± S.D.
1 (a) 57 0.94 0.74±0.10 0.28 0.22±0.02
(b) 87 1.43 1.17±0.14 0.35 0.30±0.03
2 96 1.51 1.14±0.15 0.33 0.27±0.03
3 (a) 48 0.82 0.56±0.08 0.44 0.34±0.03
(b) 42 0.90 0.57±0.12 0.23 0.16±0.03
4 (a) 78 1.57 1.01±0.14 0.44 0.31±0.03
(b) 42 0.69 0.50±0.05 0.27 0.18±0.03
5 81 2.06 1.02±0.27 0.43 0.26±0.06
6 (a) 117 2.05 1.34±0.22 0.95 0.80±0.06
(b) 96 1.64 1.05±0.18 0.87 0.64±0.04
considered in regions a short distance away from the boundary. To minimize the influence of the mechanical
boundary, only the center region of each sample was analyzed in the inverse analysis, discarding data within135
5 mm of the clamp edge. In the inverse stress computation, the boundary of the analysis domain was
fixed. Enforcing displacement based boundary conditions also causes a boundary layer effect whereby the
stress solution near the boundary is expected to be inaccurate [21, 22]. To minimize the influence of this
boundary layer on the material property identification, the outer ring of elements were excluded from the
material parameter identification and any further analysis. By retrospective comparison with the forward140
finite element analysis, described in the Appendix, the size of the boundary region was confirmed for each
specimen.
The local wall tension vs stretch curves at points outside of the boundary region were then used to
compute the local model parameters µ1, µ2, γ, κ, and θ. In Fig. 2, the model fits for four representative
curves are presented. The GOH model was able to capture the variety of nonlinear responses observed in145
Fig. 2 well (R2 = 0.99). The average R2 values were calculated for each sample and ranged from 0.96 to
0.99.
Maps of the material properties for Patient 1 are presented in Figs. 3 - 4. For all of the material
parameters the spatial changes occur gradually. As expected, for both samples the values of µ2 are an order
of magnitude greater than µ1, reflecting the difference in stiffness between the collagen fibers and the matrix.150
For both samples, the values of κ are significantly skewed toward 0.5 suggesting that the collagen fibers are
distributed over wide range of angles approaching an isotropic orientation. The preferred fiber direction, M
is described by a single parameter, the preferred fiber angle, θ, which is measured counterclockwise from the
horizontal grid lines. A preferred fiber direction of 0 or 180◦ corresponds to the circumferential direction
in vivo. While the spatial distribution of the parameters in Figs. 3 - 4 are very different, the range of the155
values are similar except for the preferred fiber angle, θ. The values of θ for Patient 1a span the full range of
possible angles with a large portion oriented at 180◦ while in Patient 1b the fiber angle only varies between
0 and 35◦.
To examine the combined effect of all 5 model parameters, the value of the strain energy for an equi-
biaxial stretch, λ = 1.2, was calculated using Eq. 1. In this way, a single parameter, the strain energy, can160
be used to evaluate the differences between samples and between locations within the same sample. Figure
5 shows the strain energy maps for Patients 1 and 4. For all of the samples, the strain energy pattern is
clearly heterogeneous. The dark red areas show regions where the most strain energy was stored for each
sample. Since a uniform deformation was assumed to calculate the strain energy, these dark red areas are
the stiffest regions in the sample. In Fig. 5a, the maximum value of the strain energy is almost quadruple165
6
(a) µ1 (N/mm) (b) µ2 (N/mm) (c) γ
(d) κ (e) θ (deg)
Figure 3: Distribution of the identified material parameters over the ATAA for Patient 1a.
(a) µ1 (N/mm) (b) µ2 (N/mm) (c) γ
(d) κ (e) θ (deg)
Figure 4: Distribution of the identified material parameters over the ATAA for Patient 1b.
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(a) Patient 1a (b) Patient 1b (c) Patient 4a (d) Patient 4b
Figure 5: Maps of the strain energy calculated from Eq. 1 for a uniform equibiaxial stretch of 1.2 using the pointwise material
properties for (a) Patient 1a, (b) Patient 1b, (c) Patient 4a, and (d) Patient 4b.
the maximum value in Fig. 5b. Conversely, the values of the strain energy over most of the sample in Fig. 5c
and d are approximately the same. In both cases, there are significant variations in the strain energy over
the sample providing evidence that the behavior of the ATAA is truly heterogeneous.
3.4. Distribution of the parameters
Histograms of the pointwise model parameters were generated for Patients 1, 3, 4, and 6 to examine170
intra-patient variability. In Fig. 6, the histograms of µ1, µ2, γ, κ, and θ for the two samples from Patient 6
are plotted. The values of µ1 in Fig. 6a are significantly skewed towards zero for both samples. The values
of µ1 were less than 0.01 N/mm at more than 50% of the locations where the properties were identified.
While the distributions are similar, for Patient 6b the tail of the distribution is longer with a greater number
of points with values larger than 0.02 N/mm. For µ2 and γ, the data in both cases are tightly clustered175
around their means with slightly more outliers towards the high end of the distribution. The values of κ are
strongly skewed towards its maximum value of 0.5. In addition to the large cluster of points between 0.4 and
0.5, there is also a long tail stretching towards zero. In contrast to the other parameters, the distribution
for the preferred fiber angle, θ, is almost flat. For Patient 6a, small peaks occur at 0-20◦ and again at 160
-180◦. For Patient 6b, only one small peak occurs at 90◦.180
A two-sample Kolmongorov-Smirnov test was used to test the null hypothesis that the distributions for
the material parameters from Patient 6a were from the same continuous distribution as Patient 6b. The null
hypothesis was rejected at the 10% significance level. The two-sample Kolmongorov-Smirnov test was run
separately for each model parameter. For all of the parameters, the null hypothesis was rejected; while the
distributions appear similar, they cannot be approximated with a single probability distribution function.185
This process was repeated for the material property distributions from Patients 1, 3, and 4. Again, the null
hypothesis was rejected for all of the material property distributions from Patients 1, 3, and 4.
To examine inter-patient variability, 41 sets of histograms comparing the properties between the patients
were created. Figure 7 shows one representative set of histograms comparing the properties identified for
Patient 1b and Patient 4b.These two samples were selected to illustrate how pronounced the differences in190
material parameters between two patients can be. The distribution of values for µ1 in Fig. 7a for Patient 1b
and Patient 4b are very similar to one another, and indeed, to the distribution in Fig. 6a. The values of µ2
for Patient 1b and 4b cover different ranges with a slight overlap between the upper end of the distribution
for Patient 1b and the lower end of the distribution for Patient 4b. In spite of the fact that the ranges
are different, the shape of the distributions are similar, both exhibiting long tails at the high end of the195
distribution. In comparison to Fig. 6c, the values for γ in Fig. 7c cover a wide range. The values of γ
in Fig. 6c extend from 0.5 to 5 while in Fig. 7c the value of γ varies from 2 to almost 40. The higher
values of γ indicate that the mechanical response begins to stiffen at lower strains. In Fig. 7, both of the
κ distributions only cover the range between 0.3 and 0.5. Although the range for both distributions is the
same, the values of κ for Patient 4b are clearly shifted more towards 0.5, the maximum value of κ. In fact,200
the κ distribution for Patient 1b is the only one where the distribution is not severely skewed to the right of
8
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Figure 7: Histograms of the identified material parameters over the ATAA for Patient 1b (solid blue) and 4b (green diagonal
cross hatch).
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Table 3: Descriptive statistics for the material property distributions shown in Figs. 6 and 7.
Mean Median Std Dev Skewness Kurtosis
1 (b) µ1 0.0028 0 0.0074 4.1386 23.7033
µ2 0.7123 0.7351 0.2453 0.0156 2.7712
γ 12.0604 11.1882 3.0158 0.9773 3.8401
κ 0.3958 0.3886 0.0299 0.8307 3.4212
θ 0.5365 0.4032 0.5321 3.3065 14.4633
4 (b) µ1 0.0018 0 0.0043 3.4680 18.5121
µ2 1.4084 1.3704 0.2974 1.5814 7.4487
γ 12.7826 11.8353 6.0428 0.5562 2.7954
κ 0.4462 0.4521 0.0322 -1.2805 5.0428
θ 1.5451 1.4854 0.8418 0.1168 1.9919
6 (a) µ1 0.0066 0.0010 0.0175 6.4364 54.8773
µ2 0.2770 0.2807 0.0553 1.2496 20.4054
γ 2.1980 2.1277 0.4616 0.7771 5.8666
κ 0.4217 0.4346 0.0650 -2.5316 13.7902
θ 1.5495 1.5272 1.0283 0.0627 1.6067
6 (b) µ1 0.0122 0.0040 0.0188 3.9096 35.9472
µ2 0.2672 0.2531 0.1229 2.1150 14.0472
γ 1.6037 1.5061 0.5736 1.4399 7.5616
κ 0.4078 0.4205 0.0594 -1.2877 5.6325
θ 1.5440 1.5203 0.8567 0.1441 2.0727
its mean. Unlike those in Fig. 6d these κ distributions lack a long tail stretching towards zero. For Patient
4b, the distribution for the preferred fiber angle, θ, is flat resembling those seen in Fig. 6e. Patient 1b has
a markedly different distribution with a predominant preferred fiber direction of approximately 20◦.
The measures given in Table 3 quantify the shapes of the histograms shown in Figs. 6 and 7. These205
same measures are reported for the other samples tested in the Appendix in Table 5. If the data can be
modeled with a normal distribution the mean and median will have similar values. The standard deviation
quantifies the amount of variation in the data, where values approaching zero indicate the data points fall
close to the mean. For a symmetric data set, the skewness will be nearly zero. When the majority of values
occur at the low end of the distribution the skewness is positive and when the majority of the values occur210
at the high-end of the distribution the skewness is negative. Kurtosis is a measure of whether a distribution
is flat or peaked when compared with a normal distribution. For a normal distribution, the kurtosis is 3.
For a uniform (flat) distribution, the kurtosis will be 0.
Data that can be approximated with a normal distribution, can be described with only two parameters:
the mean and the standard deviation. To determine if any of the material parameters can be well-modeled215
using a normal distribution the Anderson-Darling test was used. The null hypothesis that the material
property data is from a population with a normal distribution was rejected at a significance level of 10%.
For every sample and every model parameter, the null hypothesis was rejected.
4. Discussion
11
Figure 8: Location of the two samples collected from Patient 1 with the axial and circumferential directions marked. The
fixture shown on Sample 1a indicates the region of tissue that would be mounted in the bulge inflation device.
In this manuscript, we have identified the pointwise heterogeneous distribution of material properties of 10220
human ATAA samples. The local properties were determined using our previously developed experimental
protocol [5] which exploits the assumption that the ATAA can be modeled as a membrane. While the
feasibility of the protocol was demonstrated in [5], this manuscript is the first time that the method was
used to characterize the mechanical properties for a patient cohort. The property distributions in Figs. 3,
4, and 5 show that ATAAs are highly heterogeneous. This is particularly significant in light of the fact225
that this considerable level of property variation was observed in small samples (d = 3 cm), the length scale
where vascular tissue is typically treated as homogeneous. In addition, statistical tests revealed that the
mechanical properties do not follow a normal distribution and confirmed that the multiple samples taken
from the same patient display a degree of regional and local heterogeneity.
Since the experimental protocol used DIC to obtain full-field displacement measurements, it was possible230
to compute the strain locally. The local strain maps (Fig. 1 d-f) consistently revealed strain localizing in the
rupture region preceding failure, confirming the observations reported in [26]. Dynamic-CT scans collected
prior to surgery were used to create patient-specific finite element models for Patients 2, 4, 5, and 6 [33].
The results show that the wall tensions and strains observed at rupture exceed those expected in vivo.
Consequently, the wall tensions and strains at higher pressures (Fig. 1 c,f) capture the response of the235
ATAA to supra-physiological loads.
In this study, the ATAA is modeled as a membrane. Membrane structures are particularly interesting
because they are statically determinate. When the deformed configuration of a membrane structure and
the corresponding loads and boundary conditions are given, the wall stress is completely determined by the
equilibrium equations. This enables the tress field to be computed directly without the consideration of the240
membranes mechanical properties [21, 23, 26, 36]. Miller and Lu [23] have discussed in depth this type of
inverse problem for statically determinate structures, specifically using the membrane assumption to predict
the wall stress in intracranial aneurysms. The membrane assumption requires the thickness of the ATAA
wall to be small relative to its radius of curvature. In this study, the membrane assumption is validated
using a computational procedure described in the Appendix.245
The material properties in the ATAA are unmistakably heterogeneous. Figures 3 and 4 illustrate how
these properties vary over the face of the aneurysm. Previous studies have found that the mechanical
properties of the ATAA vary regionally with the inner curvature of the aneurysm being the least stiff
[2, 7, 17]. As shown in Fig. 8, the two samples from Patient 1 were both taken from locations adjacent
12
to the inner curvature of the aneurysm. Using the terminology from Choudhury et al. [2], Samples 1a250
and 1b came from the posterior and anterior regions of the aneurysm, respectively. The central sample
in Fig. 8 was tested but slipped in the bulge inflation device before it ruptured. In agreement with the
results presented in [2], the posterior sample (1a) was stiffer than the anterior sample (1b) (Fig. 5a-b).
The two samples from Patient 4 were taken from the anterior and the outer curvature of the aneurysm
for Patient 4a and 4b, respectively. The results of Choudhury et al. [2] would predict that Patient 4b255
would be stiffer than 4a which is consistent with the results in Fig. 5c-d. In fact this regional variation
in mechanical properties explains why the two-sample Kolmongorov-Smirnov test found that none of the
intra-patient samples could be described with a single distribution function (Fig. 6). Together the results
point to two levels of heterogeneity: regional (2 − 3 cm) and local (0.3 − 0.4 mm). Unfortunately, this
detailed information on the location of the tested samples was not recorded for Patients 3 and 6 making the260
local spatial heterogeneity more difficult to interpret.
The GOH model was used to describe the nonlinear response of the ATAA (Fig. 2). The parameters
were identified by considering the entirety of all three wall tension vs stretch curves and determining the five
parameters simultaneously. Although not clear from Figs. 6 and 7 at more than 25% of the points used to
identify the parameters the value of µ1 was equal to 0. While the matrix is expected to be much softer than265
the collagen fibers, finding µ1 = 0 is unrealistic and suggests that the elastin fibers and ground substance
do not contribute to the overall mechanical response. Other investigators have corrected this problem by
assigning a relationship between µ1 and µ2 [13] or by separately fitting the low strain region of the stress-
strain curve using only the contribution of the matrix to the stress [32]. Since fixing the relationship between
µ1 and µ2 would make it impossible to examine the spatial patterns in µ1 or µ2 the latter solution would270
be more suited to our approach. For a small data set, the transition between low strain and high strain is
identified by manually inspecting the curves and selecting a window that is appropriate for the data collected
[32]. However, in our case, due to the abundance of data and the variety of loading regimes (Fig. 2), this
process could not be implemented robustly. Instead, to verify that the pointwise materials properties were
properly identified specimen specific finite element analyses were run for every sample tested. The method,275
described previously in [5], is briefly detailed in the Appendix for completeness. The wall tensions and
strains predicted by the forward simulation accurately replicate not only the global deformation but also
the local stress and strain patterns. The simulation results provide compelling evidence that although the
values for µ1 may not be realistic from a microstrucutral perspective they do accurately capture the tissue
response.280
In the GOH model two parameters are used to describe the collagen fiber orientation: κ, the fiber
dispersion and θ, the preferred fiber angle. The model assumes a planar symmetric fiber distribution
about the preferred (mean) fiber angle, θ [28]. The dispersion parameter κ varies from 0 to 12 with κ = 0
corresponding to a perfect alignment of collagen fibers and κ = 12 indicating isotropy. The preferred fiber
angle becomes less influential as the κ approaches 0.5, since, for an isotropic arrangement of fibers there is285
no preferred direction. As shown in Figs. 6 and 7, the values of κ are skewed with the majority of values
falling between 0.35 and 0.50. Similar behavior was observed in all of the tested samples. Although the flat
distribution of θ (Fig. 6 and 7) together with the high values of κ (0.35 ≤ κ ≤ 0.5) suggest that there is no
prominent fiber direction at the sample scale, the local orientation of the preferred fiber direction does vary
significantly from point to point.290
Not surprisingly the ATAAs exhibited large inter-subject variability in the elastic properties. The
youngest patient, Patient 6, had the highest strains to failure (Table 2) and displayed the least stiff re-
sponse (Fig. 6, Table 3 and 5). This is in agreement with the the existing literature on the effect of aging
[10–12, 29] which found that the healthy thoracic aorta stiffened progressively with age with substantial
stiffening occurring between patients aged 30-60 and those over the age of 60. At 55 years old, Patient 6295
would be in the younger group while the remainder of the cohort had a mean age of 76.6 yrs.
This manuscript has focused on describing the local material parameters. However the analysis of the
material property distributions largely ignored the spatial position where the values were identified. In the
future, the data must be reanalyzed to determine how the inclusion of spatial position would influence the
results with a particular emphasis on the location where rupture initiates. The hope is that the spatial300
trends in the data will make it possible to identify the origin of the spatial heterogeneity in the material
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properties. For example, the pronounced heterogeneity in the properties may be the result of mechanobi-
ological dysfunction [15]. Due to the dysfunction, the tissues loses its mechanosensitivity leading to an
impaired adaptation of the local mechanical properties. If mechnobiological dysfunction initiates and drives
the growth of thoracic aneurysm, then the spatial heterogeneity observed in this study would be unique to305
aneurysms. New findings on the origin of spatial heterogeneity and its link to aneurysm growth and for-
mation could open the way for region-specific therapies to restore the structural integrity of the aneurismal
aorta.
There are, however, several limitations to our work. First and foremost, this method is only applicable to
membranes. A membrane must have negligible bending resistance and a thickness that is small compared to310
the other dimensions. At low pressures (p < 15 kPa), the membrane assumption may be compromised since
the specimen is only slightly inflated and the ratio of the out-of-plane displacement to specimen diameter is
small (Fig. 10). At low pressures bending is also the dominant mode of deformation, again compromising the
reliability to the membrane assumption. For this reason the low pressure response has been eliminated from
Fig. 2. As a result, the stretches start at approximately 1.1 where the ratio of the out-of-plane displacement315
to specimen diameter if greater than 0.2. The details of how the limiting ratio was calculated can be found
in the Appendix. The membrane assumption has also led us to model the ATAA as a monolayer. The wall
of the ATAA is composed of three distinct layers: the intima, media, and adventitia; but in modeling the
ATAA as a membrane, we have disregarded this structural information. The resulting material parameters
are therefore representative of the combined response of the three layers.320
Second, the wall tension was reported instead of the stress. The stress cannot be directly computed
without knowledge of the local thickness of every element. As a result, only two-dimensional stiffness prop-
erties, µ1 and µ2, were reported to describe the material response instead of the modulus type parameters
computed in three-dimensional constitutive models. Accurately measuring the local thickness of an ATAA
is difficult and inexact thickness values would only compromise the stress calculations [24]. If a technique325
for precisely identifying the local thickness could be found, it would be interesting to investigate if there is
any relationship between the thinnest sections of tissue and the locations of strain concentrations (Fig. 1).
Finally, there were only a small number of specimens tested limiting our ability to throughly compare
the influence of sex and age. There did not appear to be a large difference in parameters between the male
(Patients 2, 3, and 4) and female (Patients 1 and 5) patients but this would need to be confirmed with330
a much larger cohort of patients. Likewise since there was only one “young” patient tested in this study
and the trends observed with respect to age must be confirmed. The absence of healthy (non-aneurysmal)
age-matched controls makes it impossible to determine if the heterogeneity observed in these aneurysms is
related to aneurysm growth, occurs naturally due to aging, or is present even in young healthy arteries.
Additional experimental studies which include healthy and aneurysmal tissue are needed to explore the335
relationship between the identified heterogeneous material properties, aneurysm growth, and aging.
In summary, the pointwise material properties of 10 human ATAA samples were identified in this study.
Our method was able to capture the varying levels of heterogeneity in the ATAA from regional to local.
The distributions of the material properties for each patient were examined to study the inter- and intra-
patient variability. Future studies on the heterogeneous properties of the ATAA would benefit from some340
form of local structural analysis such as histology or multi-photon microscopy. The structural data and
knowledge of the spatial trends should provide the information necessary to move from merely measuring
the local material properties to uncovering the links that exist between the underlying microstructure and
local properties.
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To validate the membrane assumption, a bulge inflation test was simulated in ABAQUS (v. 6.9) to350
emulate the experiments at low pressures, where the membrane assumption is most likely to be compromised.
Two meshes of circular plate were created. In the first model, the plate had a thickness of 2.40 mm, which
is slightly larger than the thickest specimen tested (t=2.38 mm). In the second model, the plate was given
a thickness of 2 mm, representing the average thickness of the specimens tested in this study. The diameter
of the plate, 30 mm, matches the size of the clamped area during inflation test. The plate was meshed using355
continuum shell elements (SC8R) with 2 layers of elements through the thickness and a total of 2970 nodes
and 1882 elements. The perimeter nodes on the mid-plane were fixed (Fig. 9), to mimic the experimental
constraint. The material was modeled using a neo-Hookean function (c10= 0.04 MPa, D1= 0). Four different
levels of pressure, which produced a range of deformation comparable to the experimental displacement at
the low pressure end, were considered. The deformed configurations from the ABAQUS analysis were used as360
inputs to inverse membrane analysis. The ABAQUS stress fields were used as the reference for comparison
with the inverse membrane solution. As in the actual experiments, only the center region of 20 mm in
diameter was extracted and used in the inverse analysis (Fig. 9(b)).
(a) (b)
Figure 9: ABAQUS model. (a) Side view of the model showing pressure loading and fixed boundary condition at the plate
mid-line. (b) Top view of the model. The elements in grey were used in the inverse analysis.
The principal components of the wall tensions (N/mm) were computed from ABAQUS and the inverse
approach. Since the ABAQUS model utilized a continuum shell element, the tension was computed by365
averaging the in-plane stress over the thickness and multiplying the result by the current shell thickness.
The difference between the ABAQUS results and the inverse predictions at four levels of deformation for
the first principal tension is plotted in Fig. 10. Clearly the error decreases rapidly with the deformation.
Experimentally at 15 kPa, the maximum out-of-plane displacement, H, was roughly 4 mm, giving a H/L
ratio of 0.2. From Fig. 10, this likely results in a stress error of approximately 12%. The error decreases to370
approximately 5% at 5 mm of deformation. To put this into perspective, the average maximum deformation
for the samples tested was 5.7 mm. Keeping in mind that the material parameter identification is primarily
driven by the high pressures states, these results suggest that the membrane assumption is a reasonable
approximation for computing stresses.
Forward Validation375
To verify that the material properties had been properly identified, a forward finite element validation
was performed simulating the inflation experiment. The heterogeneous material properties calculated at each
Gauss point were mapped back the NURBS mesh. Then the pressure was increased until the rupture pressure
was reached. The magnitude of the displacement, strain, and wall tension from the forward validation were
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Figure 10: Percent error in P1 versus the deformation level measured by the ratio of the out-of-plane displacement to the
specimen diameter.
compared to the experimental results. Previous studies have shown that the error tends to plateau at380
pressures above 30 kPa [5]. In light of this, Table 4 presents the average percent error at the highest
pressure stage for each case. Figure 11 shows the spatial distribution of the error for the magnitude of
the displacement, strain, and wall tension at three different pressures for Patient 1a. As the pressure level
increases the error between the experimental data and the forward predictions decreases. As expected, there
is a significant decrease between 15 and 45 kPa but between 45 and 57 kPa the error stabilizes. The stress385
errors are around 2-5%, consistent with the results of the membrane validation. Note that the errors in
displacement are much smaller than the errors in strain or stress. The errors in the displacement calculation
are propagated into the strain and then stress calculation; therefore the displacement errors must be very
small to ensure that accurate strains and stresses are calculated.
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(a) Displacement, 15 kPa (b) 45 kPa (c) 57 kPa
(d) Strain, 15 kPa (e) 45 kPa (f) 57 kPa
(g) Wall tension, 15 kPa (h) 45 kPa (i) 57 kPa
Figure 11: Percentage error between the (a-c) measured displacement, (d-f) DIC computed strains, and (g-i) computed wall
tension and the displacement, strain and wall tension predicted from the forward finite element analysis, respectively. The
results are presented Patient 1a at (a,d,g) 15 kPa, (b,e,h) 45 kPa, and (c,f,i) 57 kPa.
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Table 4: Comparison of the magnitude of the displacement, strain, and wall tension from the experimental measurements with
the forward finite element predictions
Patient Pressure (kPa) Percent Error in
Wall tension Strain Displacement
1 (a) 57 2.50 1.50 0.12
(b) 87 5.86 4.89 0.95
2 96 1.73 1.30 0.22
3(a) 48 2.94 7.61 0.64
(b) 42 3.83 6.01 0.49
4(a) 72 3.52 2.56 0.26
(b) 42 2.29 3.87 0.71
5 81 3.64 3.84 0.36
6(a) 117 4.95 1.36 0.14
(b) 96 3.46 0.81 0.16
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Table 5: Descriptive statistics for the material property distributions. Note that the measures for Patient 1b, 4b, 6a and 6b
are given in Table 3.
Mean Median Std Dev Skewness Kurtosis
1 (a) µ1 0.0047 0.0012 0.0090 3.7921 19.5557
µ2 1.1165 1.1502 0.2054 -0.1503 2.7491
γ 13.7068 13.4217 3.0240 0.4603 5.0969
κ 0.4233 0.4262 0.0331 -1.8461 19.9887
θ 1.8882 2.2175 1.2097 -0.3925 1.4855
2 µ1 0.0017 0 0.0060 4.5407 26.1463
µ2 0.7166 0.7652 0.2630 0.3218 7.5274
γ 9.8319 10.3928 4.5851 -0.4299 2.6246
κ 0.4230 0.4318 0.0522 -1.9860 11.9698
θ 1.3945 1.2512 0.9535 0.3937 1.8862
3 (a) µ1 0.0022 0 0.0044 2.7460 11.6565
µ2 0.2758 0.2749 0.0786 0.3751 2.5502
γ 7.8431 7.6124 2.5195 1.3931 9.6512
κ 0.4185 0.4248 0.0419 -0.7713 3.7932
θ 1.3099 1.1941 0.8443 0.5395 2.4616
3 (b) µ1 0.0113 0.0009 0.0196 3.0088 15.2960
µ2 1.7624 1.4787 1.3935 2.4358 11.4874
γ 26.9275 21.5273 20.2774 1.7354 6.3912
κ 0.3464 0.3695 0.1029 -1.4226 5.3000
θ 1.6516 1.8058 0.8855 -0.2391 1.9042
4 (a) µ1 0.0065 0 0.0127 4.1308 30.2357
µ2 1.0477 1.0526 0.2883 0.9123 8.4815
γ 6.2818 6.6803 2.2482 0.7771 5.8666
κ 0.4169 0.4203 0.0362 -1.3506 8.6815
θ 1.1482 0.6286 1.1126 0.7589 1.9070
5 µ1 0.0056 0 0.0205 7.7152 73.2692
µ2 1.1530 0.9998 0.7542 0.9761 3.6953
γ 15.4332 12.9441 8.1854 4.6660 43.4995
κ 0.3711 0.3907 0.0905 -1.6403 6.8814
θ 1.7388 1.7403 0.8125 -0.1929 2.2813
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